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1 . INTRODUCTION 
The r e f e r e n c e  p o i n t  approach h a s  been developed by W i e r z b i c k i  
and d e s c r i b e d  i n  series of  p a p e r s  and r e p o r t s  ( e . q .  W i e r z b i c k i ,  
1 9 8 0 ) .  T h i s  method, b e i n g  t h e  q e n e r a l i z a t i o n  o f  g o a l  ~ r o g r a m m i n q  
developed by G e o f f r i o n  and d i s p l a c e d  i d e a l  method developed by 
Zeleny (Ching-Lai-Hwang, 1 9 7 9 ) ,  j o i n s  t o g e t h e r  t h e  b e s t  p r o p e r t i e s  
o f  b o t h  approaches ,  e l i m i n a t i n q  s i m u l t a n e o u s l y  t h e i r  6 . i sadvantages .  
I n  t h e  a u t h o r ' s  o p i n i o n ,  t h e  r e f e r e n c e  p o i n t  approach i s  one o f  
t h e  most s u i t a b l e  t o o l s  f o r  s o l v i n q  m u l t i p l e  c r i t e r i a  d e c i s i o n  
problems.  T h i s  approach h a s  s e v e r a l  d e s i r a b l e  p r o p e r t i e s :  
-- it a p p l i e s  t o  convex and nonconvex c a s e s  
-- it can e a s i l y  check P a r e t o - o p t i m a l i t y  o f  a g iven  d e c i s i o n  
-- it can be  e a s i l y  supplemented by an  a p o s t e r i o r i  computa- 
t i o n  o f  t r a d e - o f f  c o e f f i c i e n t s  f o r  t h e  o b j e c t i v e s  
-- it i s  n u m e r i c a l l y  w e l l - c o n d i t i o n e d  and e a s y  f o r  
implementa t ion  
-- t h e  concep t  o f  r e f e r e n c e  p o i n t  o p t i m i z a t i o n  makes it 
p o s s i b l e  t o  t a k e  i n t o  account  t h e  d e s i r e s  o f  a d e c i s i o n  
maker d i r e c t l y ,  w i t h o u t  n e c e s s a r i l y  a s k i n q  him q u e s t i o n s  
a b o u t  h i s  p r e f e r e n c e s .  
Simoultaneously, w i t h  t h e  development o f  t h e  t h e o r y  o f  r e f e r e n c e  
p o i n t  o p t i m i z a t i o n  approach,  some c o m p u t a t i o n a l  works have  been 
performed i n  o r d e r  t o  d e t e r m i n e  t h e  p r a c t i c a l  a p p l i c a b i l i t y  o f  t h e  
method. S e l e c t e d  r e s u l t s  a r e  p r e s e n t e d  i n  W i e r z b i c k i ' s  p a p e r s  
( W i e r z b i c k i ,  1978) and K i n d l e r  e t  a l .  ( 1 9 8 0 ) .  However, t h e  most 
e x t e n s i v e  work h a s  been performed by P r o f e s s o r  Orchard-Hays d u r i n g  
h i s  s t a y  a t  IIASA. H e  deve loped  a s p e c i a l i z e d  l inear-programming 
package f o r  r e f e r e n c e  p o i n t  o p t i m i z a t i o n .  T h i s  package ,  named 
MULTI, h a s  been b r i e f l y  d e s c r i b e d  b y K a l l i o  e t  a l .  (1980) . Some 
r a t h e r  complex problems have  been s o l v e d  u s i n q  t h i s  package;  and 
one  o f  t h e s e  have been d e s c r i b e d  b y K a l l i o  e t  a l .  
U n f o r t u n a t e l y ,  t h i s  package h a s  two b a s i c  d i s a d v a n t a g e s :  
-- it h a s  been w r i t t e n  i n  DATAMAT, t h e  i n p u t  language f o r  
SESAME, a v e r y  power fu l  and s o p h i s t i c a t e d  LP sys tem 
a v a i l a b l e  o n l y  on IBPl 370 computers  under  VM/CP4S opera -  
t i n g  sys tem 
-- t h i s  sys tem h a s  n e v e r  been s u f f i c i e n t l y  documented. 
For  t h e s e  r e a s o n s ,  t h e  a u t h o r  d e c i d e d  t o  d e v e l o p  a p o r t a b l e  
package f o r  r e f e r e n c e  p o i n t  o p t i m i z a t i o n  which c o u l d  be  used  w i t h  
any computer equ iped  w i t h  a  F o r t r a n  compi le r  and LP packaqe working 
w i t h  a  s t a n d a r d  MPSX i n p u t  fo rmat .  Exper ience  w i t h  t h i s  sys tem 
h a s  shown i t s  p o r t a b i l i t y  and u s a b i l i t y ;  it i s  a v a i l a b l e  on a 
series o f  computers  and a number o f  p r a c t i c a l  problems have  been 
s o l v e d  w i t h  i t s  a i d .  Thus, it seems r e a s o n a b l e  t o  d e s c r i b e  t h i s  
program package a s  a  u s e r  manual.  P a r t s  o f  an e a r l i e r  workinq 
p a p e r  by t h e  a u t h o r ,  w r i t t e n  i n  c o l l a b o r a t i o n  w i t h  K a l l i o  and 
Orchard-Hays, have been a d a p t e d  and ex tended  f o r  t h i s  purpose .  
2 .  REFERENCE POINT OPTIMIZATION 
mxn Pxn L e t  A b e  i n  R , C i n  R , and b i n  R~ and c o n s i d e r  t h e  
m u l t i c r i t e r i a  l i n e a r  program (PICLP) : 
(MCLP. 1 ) Cx = q 
(MCLP .2 ) Ax = b 
(MCLP. 3 )  x > O  , 
- 
where t h e  d e c i s i o n  problem i s  t o  d e t e r m i n e  an  n - v e c t o r  x o f  
d e c i s i o n  v a r i a b l e s  s a t i s f y i n g  (MCLP.2-3) and t a k i n g  i n t o  a c c o u n t  
t h e  p - v e c t o r  q  o f  o b j e c t i v e s  d e f i n e d  by (MCLP.l). W e  w i l l  assume 
t h a t  each  component o f  q i s  d e s i r e d  t o  be  a s  l a r g e  a s  p o s s i b l e .  
An o b j e c t i v e  v e c t o r  v a l u e  q = q i s  a t t a i n a b l e  i f  t h e r e  i s  a  
f e a s i b l e  x  f o r  which Cx = 6. L e t  q;, f o r  i = 1 , 2  ,..., p ,  be  t h e  
l a r g e s t  a t t a i n a b l e  v a l u e  f o r  q i ;  i . e . ,  q: = sup  { q .  l q  a t t a i n a b l e } .  
* 1 * The p o i n t  q* E ( q ,  , q 2 , .  . . , q;lT i s  t h e  u t o p i a  p o i n t .  I f  q* i s  
a t t a i n a b l e ,  it i s  a  s o l u t i o n  f o r  t h e  d e c i s i o n  problem. However, 
* 
u s u a l l y  q  i s  n o t  a t t a i n a b l e .  A p o i n t  q i s  s t r i c t Z y  P a r e t o  
- 
i n f e r i o r  i f  t h e r e  i s  an a t t a i n a b l e  p o i n t  q  f o r  which q  > q .  I f  
t h e r e  i s  an  a t t a i n a b l e  q  f o r  which q  - > q and t h e  i n e q u a l i t y  i s  
s t r i c t  a t  l e a s t  i n  one  component, t h e n  6 i s  P a r e t o  i n f e r i o r .  
An a t t a i n a b l e  p o i n t  4 i s  w e a k l y  P a r e t o - o p t i m a 2  i f  it i s  n o t  
s t r i c t l y  p a r e t o  i n f e r i o r  and it i s  P a r e t o - o p t i m a 2  i f  t h e r e  i s  no 
a t t a i n a b l e  p o i n t  q  such  t h a t  q  2 w i t h  a  s t r i c t  i n e q u a l i t y  f o r  
a t  l e a s t  one  component. Thus,  a  p a r e t o  o p t i m a l  p o i n t  i s  a l s o  
weakly p a r e t o  o p t i m a l ,  and a  weakly p a r e t o  o p t i m a l  p o i n t  may b e  
p a r e t o  i n f e r i o r .  F o r b r e v i t y ,  w e  s h a l l  somet ines  c a l l a p a r e t o  o p t i m a l  
p o i n t  a  P a r e t o  p o i n t  and t h e  set  o f  a l l  such  p o i n t s  t h e  P a r e t o  s e t .  
What w e  c a l l  a  r e f e r e n c e  p o i n t  o r  r e f e r e n c e  o b j e c t i v e  i s  
a  s u g g e s t i o n  4 by t h e  d e c i s i o n  maker ( o r  t h e  g roup  o f  them) 
r e f l e c t i n g  i n  some s e n s e  a  " d e s i r e d  l e v e l "  f o r  t h e  o b j e c t i v e s .  
According t o  W i e r z b i c k i  ( 1 9 7 8 ) ,  w e  c o n s i d e r  f o r  a  r e f e r e n c e  p o i n t  
6 a  p e n a l t y  s c a l a r i z i n g  f u n c t i o n  s (q-q) d e f i n e d  o v e r  t h e  set  o f  
o b j e c t i v e  v e c t o r s  q .  C h a r a c t e r i z a t i o n  o f  f u n c t i o n s  s ,  which 
r e s u l t  i n  p a r e t o  o p t i m a l  ( o r  weakly p a r e t o  o p t i m a l )  min imize r s  o f  
s o v e r  a t t a i n a b l e  p o i n t s  q  i s  g i v e n  by W i e r z b i c k i  ( 1 9 7 9 ) .  
I f  w e  r e g a r d  t h e  f u n c t i o n  s(~-:) a s  t h e  " d i s t a n c e "  between 
t h e  p o i n t s  q  and q ,  t h e n ,  i n t u i t i v e l y ,  t h e  problem o f  f i n d i n g  
such  a  minimum p o i n t  means f i n d i n g  among t h e  P a r e t o  set  t h e  
n e a r e s t  p o i n t  4 t o  t h e  r e f e r e n c e  p o i n t  q .  (However, a s  it w i l l  
b e  c l e a r  l a t e r ,  o u r  f u n c t i o n  s i s  n o t  n e c e s s a r i l y  r e l a t e d  t o  t h e  
u s u a l  n o t i o n  o f  d i s t a n c e ) .  Having t h i s  i n t e r p r e t a t i o n  i n  mind, 
t h e  use  o f  r e f e r e n c e  p o i n t  o p t i m i z a t i o n  may b e  viewed a s  a  way 
o f  g u i d i n g  a  sequence iGk} o f  p a r e t o  p o i n t  g e n e r a t e d  from t h e  
-k 
sequence  {q  o f  r e f e r e n c e  o b j e c t i v e s .  These sequences  w i l l  be  
g e n e r a t e d  i n  an i n t e r a c t i v e  p r o c e s s  and such i n t e r f e r e n c e  s h o u l d  
Ak 
r e s u l t  i n  a n  i n t e r e s t i n g  set  o f  a t t a i n a b l e  p o i n t s  q  . I f  t h e  
^k 
sequence {q 1 converges ,  t h e  l i m i t  p o i n t  may be  seen  a s  a  s o l u t i o n  
t o  t h e  d e c i s i o n  problem. 
I n i t i a l  i n f o r m a t i o n  t o  t h e  d e c i s i o n  maker may b e  p rov ided  
i i by maximizing a l l  o b j e c t i v e s  s e p a r a t e l y .  L e t  q  = ( q j )  be  t h e  
v e c t o r  o f  o b j e c t i v e s  o b t a i n e d  when t h e  ith o b j e c t i v e  i s  maximized 
i - f o r  a l l  i. Then t h e  m a t r i x  ( q . ) ,  i , j ,  - 1 , .  .., p ,  y i e l d s  informa- 
l 
t i o n  on t h e  range  o f  n u m e r i c a l  v a l u e s  of  o b j e c t i v e  f u n c t i o n s ,  and 
* 
t h e  v e c t o r  q  = (qt)  i s  t h e  u t o p i a  p o i n t .  I t  shou ld  be s t r e s s e d ,  
however, t h a t  such i n i t i a l  i n f o r m a t i o n  i s  n o t  a  n e c e s s a r y  p a r t  o f  
t h e  p rocedure  and i n  no  s e n s e  l i m i t s  t h e  freedom o f  t h e  d e c i s i o n  
maker. 
- 
W e  d e n o t e  w E q  - q ,  f o r  b r e v i t y .  Then, a  p r a c t i c a l  form o f  
t h e  p e n a l t y  s c a l a r i z i n g  f u n c t i o n  s ( w )  , where m i n i m i z a t i o n  r e s u l t s  
i n  a  l i n e a r  programming f o r m u l a t i o n ,  i s  g i v e n  a s  f o l l o w s :  
Here p i s  an a r b i t r a r y  p e n a l t y  c o e f f i c i e n t  which i s  g r e a t e r  t h a n  
o r  e q u a l  t o  p  and E = ( E ~ , E ~ ,  ..., E ) i s  a  non-negat ive  v e c t o r  o f  P  
p a r a m e t e r s .  I n  t h e  s p e c i a l  c a s e  o f  p = p ,  ( 1 )  r e d u c e s  t o  
s ( w )  = - p  min w - E W  . i i 
So f a r  i n  o u r  e x p e r i e n c e ,  form ( 1 )  o f  t h e  p e n a l t y  s c a l a r i z i n q  
f u n c t i o n  h a s  proven t o  be  most s u i t a b l e .  Other  p r a c t i c a l  forms 
have been g iven  i n  W i e r z b i c k i  (1979a) .  
- 
For  any s c a l a r  2 t h e  s e t  s - ( q )  5 {ql s ( w )  2 9, w = q  - 
S 
i s  c a l l e d  a  l e v e l  set .  Such sets have been i l l u s t r a t e d  f o r  
f u n c t i o n  ( 1 )  i n  F i g u r e  1  f o r  P = p ,  f o r  P > p  and f o r  a  ve ry  
l a r g e  v a l u e  f o r  P. I n  each  c a s e ,  i f  w - 0 ,  t h e n  s ( w )  i s  given  
by ( 2 )  ; i . e . ,  t h e  f u n c t i o n a l  v a l u e  i s  p r o p o r t i o n a l  t o  t h e  wors t  
component o f  w. I f  P = p ,  t h e  same i s  t r u e  f o r  w > 0  a s  w e l l .  
- 
I f  w > 0 ,  t h e n  f o r  l a r g e  enouqh P (see t h e  c a s e  P>>p) s ( w)  i s  
g i v e n  by 1 wi. I n  t h e  g e n e r a l  c a s e ,  when P > p,  t h e  s i t u a t i o n  
i s  shown i n  t h e  middle  o f  F i g u r e  1 .  When w - > 0  and i t s  components 
a r e  c l o s e  enough t o  e a c h  o t h e r  ( t h a t  i s ,  ( p - l ) w l  2 w2 and 
(p - l )w2  2 w1 I f o r  p = 2 ) ,  t h e n  s ( w )  i s  g i v e n  by 1 w Otherwise ,  i' 
formula  ( 2 )  a p p l i e s  a g a i n .  
For  E = 0, s c a l a r i z i n g  f u n c t i o n  ( 1 )  g u a r a n t e e s  o n l y  weak 
p a r e t o  o p t i m a l i t y  f o r  i t s  minimizer .  However, a s  w i l l  be shown 
i n  Lemma 1  below, i f  E > 0, t h e n  p a r e t o  o p t i m a l i t y  w i l l  be 
g u a r a n t e e d .  
The problem o f  minimizing s(~-:) d e f i n e d  by ( 1 )  o v e r  t h e  
a t t a i n a b l e  p o i n t s  q ,  c a n  be  fo rmula ted  a s  a  l i n e a r  programming 
- - 
problem. I n  p a r t i c u l a r ,  i f  w e  a g a i n  d e n o t e  w = q - q = Cx - q 
and i n t r o d u c e  an a u x i l i a r y  d e c i s i o n  v a r i a b l e  y ,  t h i s  m i n i m i z a t i o n  
problem can be  s t a t e d  a s  t h e  f o l l o w i n g  problem (P) : 
Denote by W 5 { W \ - W + C X = ~ ,  Ax=b, x>O} - t h e  F e a s i b l e  set  f o r  
v e c t o r  w. Then t h e  r e f e r e n c e  p o i n t  o p t i m i z a t i o n  problem, when 
t h e  s c a l a r i z i n g  f u n c t i o n  ( 1 )  i s  a p p l i e d ,  i s  a s  f o l l o w s :  
min{-min{p( min w i t  1 wi} - E W )  
w W  i i 
= min{zl z>-pw - - E W ,  f o r  a l l  i ,  z  > -1 w - E W }  i - 
wEW i i 
= r n i n { y - ~ w - ~ - p w ~ ~ O ,  f o r  a l l  i f  -y-Z wi < 01 I 
- 
wEW i 
YER 
where w e  have  s u b s t i t u t e d  y  = z  + E W .  
F i g u r e  1 .  Level  sets f o r  p e n a l t y  s c a l a r i z i n g  f u n c t i o n s  ( 1 )  and 
( 2 )  f o r  E = 0.  
The o p t i m a l  s o l u t i o n  f o r  (P)  w i l l  be c h a r a c t e r i z e d  by t h e  
f o l l o w i n g  r e s u l t :  
A A A  
LEMMA 1 .  L e t  f y , w , x )  = f y , w , x )  b e  an o p t i m a l  s o l u t i o n  and 
6 ,  p, and .rr t h e  c o r r e s p o n d i n g  d u a l  v e c t o r s  r e l a t e d  t o  c o n s t r a i ? z t s  
A A 
f P . 2 ) ,  f P . 3 ) ,  and f P . 4 ) ,  r e s p e c t i v e l y .  Denote  by  q  = Cx t h e  
A A 
c o r r e s p o n d i n g  o b j e c t i v e  v e c t o r ,  and by  = y  - ~w t h e  o p t i m a l  
v a l u e  f o r  t h e  p e n a l t y  f u n c t i o n ,  and by  Q t h e  a t t a i n a b l e  s e t  o f  
o b j e c t i v e  v e c t o r s  q .  Then E Q n , S g f q )  and t h e  h y p e r p l a n e  
A 
H = { q l ~ f q - q )  = 0 1  s e p a r a t e s  Q and , S ; f q ) .  Fur t he rmore ,  !J 2 E 
and q  = @ m a x i m i z e s  ! ~ q  o v e r  q  E Q; i . e . ,  q^  i s  p a r e t o  o p t i m a l  
i f  E > 0 ,  and @ i s  w e a k l y  p a r e t o  o p t i m a l  i f  E - > 0 .  
Remark. A s  i l l u s t r a t e d  i n  F i g u r e  2 ,  t h e  hyperp lane  H 
approx imates  t h e  P a r e t o  set  i n  t h e  neighborhood o f  4.  Thus t h e  
d u a l  v e c t o r  !J may b e  viewed a s  a  v e c t o r  o f  t r a d e - o f f  c o e f f i c i e n t s  
which t e l l s  roughly  how much w e  have t o  g i v e  up i n  one o b j e c t i v e  
i n  o r d e r  t o  g a i n  ( a  g i v e n  s m a l l  amount) i n  a n o t h e r  o b j e c t i v e .  
Proof  o f  t h i s  Lemma can be  found i n  K a l l i o  e t  a 1  ( 1 9 8 0 ) .  
F i g u r e  2 .  An i l l u s t r a t i o n  of Lemma 1. 
3 .  COMPUTER IMPLEMENTATION 
The b a s i c  computer  i m p l e m e n t a t i o n  c o n s i s t s  o f  t h r e e  
programs.  These  programs a r e :  
-- t h e  i n t e r a c t i v e  " e d i t o r "  F o r  m a n i p u l a t i n q  t h e  r e f e r e n c e  p o i n t  
a n d  t h e  o b j e c t i v e s  (lomod) 
-- t h e  p r e p r o c e s s o r  which  c o n v e r t s  t h e  i n p u t  model f i l e  p r e p a r e d  
i n  s t a n d a r d  MPSX f o r m a t ,  c o n t a i n i n g  t h e  model d e s c r i p t i o n  
i n t o  i t s  s i n g l e  c r i t e r i o n  e q u i v a l e n t  (P )  ( l p m u l t i )  
-- t h e  p o s t p r o c e s s o r ,  which e x t r a c t s  t h e  i n f o r m a t i o n  from t h e  
LP s y s t e m  o u t p u t  f i l e ,  computes  t h e  v a l u e s  o f  t h e  o b j e c t i v e s  
and  d i s p l a y s  t h e  n e c e s s a r y  i n f o r m a t i o n  ( l p s o l ) .  
T h i s  c o n c e p t  o f  p r e -  and  p o s t p r o c e s s i n g  o f  t h e  LP p rob lems  
d - e c i d e s ,  i n  t h e  a u t h o r ' s  o p i n i o n ,  a b o u t  t h e  f l e x i b i l i t y  a n d  p o r t a -  
b i l i t y  o f  t h e  sys t em.  The o n l y  machine-dependent  p o i n t  d e a l s  
w i t h  t h e  fo rmat  o f  o u t p u t  f i l e  which d i f f e r s  between t h e  d i f f e r e n t  
LP packages .  The o n l y  a d a p t a t i o n  needed is  t h e  m o d i f i c a t i o n  o f  
t h r e e  FORMAT s t a t e m e n t s .  
A l l  t h e  programs work i n  t h e  i n t e r a c t i v e  mode; however, t h e  
e f f i c i e n c y  o f  i n t e r a c t i o n  depends on t h e  s i z e  o f  t h e  LP model. 
The c u r r e n t  e x p e r i e n c e  shows t h a t  on t h e  VAX w i t h  t h e  MINOS LP 
sys tem (see: MINOS System Flanual) , f o r  a  model o f  t h e  s i z e  
* 
1 5 0  x  100 one s e s s i o n  , t a k e s  abou t  f i v e  t o  t e n  m i n u t e s ,  CPU t i m e .  
I t  makes t h e  i n t e r a c t i v e  s o l u t i o n  o f  r a t h e r  n o n - t r i v i a l  d e c i s i o n  
problems p o s s i b l e .  
4.1 . PROGRAM LPMOD 
T h i s  program a l l o w s  t h e  u s e r  t h e  i n t e r a c t i v e  m o d i f i c a t i o n  
o f  t h e  r e f e r e n c e  p o i n t  components. The i n f o r m a t i o n  f low is 
p r e s e n t e d  i n  F i g u r e  3 .  
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F i g u r e  3 .  The i n f o r m a t i o n  f l o w  of lpmod program. 
*By " s e s s i o n " ,  w e  u n d e r s t a n d  h e r e  t h e  e x e c u t i o n  o f  lpmod, 
lpmulti,MINOS and l p s o l  proqrams. 
I n  o r d e r  t o  s t a r t  work w i t h  t h i s  program on VAX under  u N I X  
o p e r a t i n g  sys tem,  t h e  u s e r  must p r e p a r e  two f i l e s :  
-- o b j e c t i v e  f i l e  c o n t a i n i n g  t h e  names o f  o b j e c t i v e  rows. The 
f i l e  fo rmat  i s  ( A 4 ,  A8, F15.0) . The f i r s t  f o u r  c h a r a c t e r s  
o f  e a c h  l i n e  a r e  b l a n k s ,  t h e  n e x t  e i g h t  c h a r a c t e r s  c o n t a i n  
t h e  name o f  t h e  o b j e c t i v e  row. Each l i n e  must c o n t a i n  max- 
min i n d i c a t o r ,  + I  f o r  max imiza t ion ,  -1 f o r  min imiza t ion .  
The l a s t  l i n e  must c o n t a i n  s i x  p e r i o d s  b e g i n n i n g  i n  column 5. 
-- r e f e r e n c e  p o i n t  f i l e ,  c o n t a i n i n g  t h e  r e f e r e n c e  p o i n t  components,  
v a l u e s  o f  p and E .  Before  t h e  f i r s t  s e s s i o n ,  t h i s  f i l e  must 
c o n t a i n  n+2 empty l i n e s  (where n  - number o f  o b j e c t i v e s ) .  
I n  o r d e r  t o  invoke t h e  program, it i s  n e c e s s a r y  t o  use  t h e  
s h e l l  command 
lpmod o b j e c t f i l e n a m e ,  r e f p t f i l e n a m e .  
For  more d e t a i l s  abou t  s h e l l  commands see a l s o :  An 
I n t r o d u c t i o n  t o  t h e  C s h e l l  under  U N I X ,  by W .  Foy . Immedia te ly  
a f t e r  s t a r t i n g ,  t h e  - program goes  t o  t h e  w a i t i n g  s t a t u s .  I n  t h i s  
s t a t u s ,  it i s  p o s s i b l e  t o  use  t h e  f o l l o w i n g  commands: 
1 -- l i s t  t h e  names o f  t h e  o b j e c t i v e s  and r e f e r e n c e  p o i n t  
components 
n  -- n e u t r a l  s o l u t i o n  - z e r o i s e  t h e  r e f e r e n c e  p o i n t  
i+ -- p l u s  i n f i n i t e  r e f e r e n c e  p o i n t  (105)  
i- -- minus i n f i n i t e  r e f e r e n c e  p o i n t  (-105) 
c -- copy s o l u t i o n  from l a s t  s e s s i o n  a s  r e f e r e n c e  p o i n t  
Immediately a f t e r  e x e c u t i o n  t h i s  commands program comes back 
t o  t h e  w a i t i n g  s t a t u s .  
The f o l l o w i n g  commands a r e  a l s o  a v a i l a b l e :  
r fp - -  go t o  t h e  r e f e r e n c e  p o i n t  d e f i n i t i o n  s t a t u s  
eps-- go t o  t h e  E d e f i n i t i o n  s t a t u s  
rho-- go t o  t h e  P d e f i n i t i o n  s t a t u s  
I n  o r d e r  t o  d e f i n e  t h e  new v a l u e  o f  P ( o r  E ) ,  it is  enough t o  
t y p e  r h o  ( o r  e p s ) ;  t h e  program goes  t o  t h e  m o d i f i c a t i o n  s t a t u s ;  
it i s  now p o s s i b l e  t o  t y p e  t h e  new v a l u e  o f  t h e  pa ramete r  and t h e  
program comes back t o  t h e  w a i t i n g  s t a t u s .  
Redef in i t i on  of t h e  r e f e r e n c e  p o i n t  components i s  p o s s i b l e  
i n  t h e  r f p  s t a t u s .  I n  o r d e r  t o  do it, it i s  necessary  t o  type  
two l i n e s  -- one con ta in ing  t h e  name o f  t h e  o b j e c t i v e  row, t h e  
o t h e r  con ta in ing  t h e  new va lue  of  t h e  r e f e r e n c e  p o i n t  component. 
The on ly  way t o  e x i t  from r f p  s t a t u s  i s  through 1 command o r  t h e  
command which t e r m i n a t e s  t h e  program. 
The p o s s i b l e  f low of  c o n t r o l  i n  t h e  desc r ibed  program has  
been p re sen ted  i n  F igure  4 .  
E r r o r  messages r e p o r t e d  by t h e  program a r e  s e l f - exp lana to ry .  
STOP - 
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Figure  4 .  Control  f low i n  lpmod program. 
4 . 2 .  PROGRAY LPMULTI 
This  program conve r t s  t h e  s t anda rd  YPSX format i n p u t  f i l e  
i n t o  ano the r  f i l e  con ta in ing  t h e  s i n g l e - c r i t e r i o n  e q u i v a l e n t  of  
t h e  m u l t i p l e  LP problem ( P ) .  The i n p u t  f i l e  should be s p e c i a l l y  
p repared  - t h e  u s e r  must d e f i n e  t h e  o b j e c t i v e  rows of t y p e  E 
( e q u a l i t y ) ;  they  must appear a s  f i r s t  rows i n  t h e  row d e f i n i t i o n  
s e c t i o n ,  and i n  t h e  same o r d e r  a s  i n  t h e  o b j e c t i v e  d e f i n i t i o n  
f i l e  (Sec t ion4 .1 ) .  The i n p u t  f i l e  must c o n t a i n  t h e  BOUNDS s e c t i o n ,  
even i f  t h i s  s e c t i o n  i s  empty. 
The usage  o f  t h i s  program i s  s t r a i g h t f o r w a r d  - it i s  enough 
t o  t y p e  t h e  s h e l l  command: 
l p m u l t i  modelfilename o b j e c t f i l e n a m e  r e f p t f i l e n a m e  
The program w i l l  a sk  abou t  t h e  name o f  t h e  RHS and BOUNDS s e c t i o n s .  
A s  a  r e s u l t ,  it w i l l  g e n e r a t e  a  new f i l e ,  named f i l - 9  which i s  
t h e  s t a n d a r d  MINOS i n p u t  f i l e  name. 
The s t r u c t u r e  o f  i n f o r m a t i o n  f low h a s  been p r e s e n t e d  i n  
F i g u r e  5.  
OBJ FILE i--l MODEL fj 
F i g u r e  5. I n f o r m a t i o n  f low i n  l p m u l t i  program. 
4 . 3 .  RUNNING THE r,lINOS 
A f t e r  c r e a t i n g  t h e  s i n g l e  c r i t e r i o n  LP problem, it i s  p o s s i b l e  
t o  s t a r t  t h e  LP program. Every LP packaqe can be  used ,  i n  IIASA 
t h i s  i s  c u r r e n t l y  t h e  MINOS developed a t  S t a n f o r d  U n i v e r s i t y  
(Murtagh, 1 9 8 0 ) .  
I n  o r d e r  t o  r u n  YINOS, it i s  n e c e s s a r y  t o  p r e p a r e  t h e  
problem s p e c i f i c a t i o n  f i l e .  T h i s  can  b e  done  i n  a  s t a n d a r d  way 
a c c o r d i n g  t o  t h e  MINOS U s e r  Manual. I t  i s  n e c e s s a r y ,  however ,  
t o  remember t h e  f o l l o w i n g :  
-- LPMULTI a d d s  n  + 1 new columns and  n  + 2 new rows 
-- LPMULTI c r e a t e s  new o b j e c t i v e  row c a l l e d  MOCOBJ; t h i s  name 
must  b e  u s e d  i n  t h e  s p e c i f i c a t i o n  f i l e  (see MINOS U s e r  Manual) 
and  t h e  o b j e c t i v e  must  be  minimized .  
-- LPMULTI m o d i f i e s  ( o r  c r e a t e s )  t h e  BOUNDS s e c t i o n ,  t h e  
a p p r o p r i a t e  name must  b e  u s e d  i n  t h e  s p e c i f i c a t i o n  f i l e .  
The same d e a l s  w i t h  t h e  RHS s e c t i o n .  
A f t e r  r u n n i n g  t h e  MINOS, t h e  s t a n d a r d  o u t p u t  f i l e  FIL-6 i s  
g e n e r a t e d  ( F i g u r e  6 )  . 
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F i g u r e  6 .  I n f o r m a t i o n  f l o w  i n  MINOS program. 
4 . 4 .  PROSMI LPSOL 
T h i s  program i s  a  p o s t p r o c e s s o r  which e x t r a c t s  a l l  t h e  
n e c e s s a r y  i n f o r m a t i o n  from FIL-6 f i l e  ( t h e  s t a n d a r d  !-IINOS o u t p u t  
f i l e )  and  computes  t h e  v a l u e s  o f  t h e  o b j e c t i v e s .  The program 
c a n  b e  a c t i v a t e d  by u s i n g  t h e  s h e l l  command: 
l p s o l  o b j f i l e n a r n e  r e f p t f i l e n a m e  
The program d i s p l a y s  t h e  o b j e c t i v e  row names, t h e  c o r r e s p o n d i n g  
r e f e r e n c e  p o i n t  component, t h e  d i f f e r e n c e  between t h e  o b j e c t i v e  
v a l u e  and r e f e r e n c e  p o i n t  component, t h e  v a l u e  o f  t h e  o b j e c -  
t i v e  and t h e  d u a l  v a r i a b l e s  ( p  v e c t o r  component a c c o r d i n g  t o  t h e  
t e r m i n o l o g y  used i n  S e c t i o n  2 ) .  The o u t p u t  i n f o r m a t i o n  i s  p l a c e d  
on t h e  end o f  t h e  f i l e  named lpoutm; t h i s  f i l e  c o n t a i n s  t h e  h i s -  
t o r y  o f  t h e  s e s s i o n .  The c u r r e n t  s o l u t i o n  i s  s t o r e d  i n  1pso l . tmp  
f i l e ;  t h i s  f i l e  i s  u t i l i z e d  by t h e  lpmod program ( i n  a c a s e  o f  
e x e c u t i o n  o f  " c "  command). The i n f o r m a t i o n  f low f o r  l p s o l  h a s  
been p r e s e n t e d  i n  F i g u r e  7 .  
Dl 
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F i g u r e  7 .  I n f o r m a t i o n  f l o w  i n  l p s o l  program. 
5 .  CURRENT COMPUTATIONAL EXPERIENCE 
A number o f  problems have  been s o l v e d  u s i n g  t h e  package 
d e s c r i b e d  i n  t h i s  paper  e . g .  o p t i m i z a t i o n  o f  development o f  t h e  
P o l i s h  chemica l  ind .us t ry ,  modeling o f  food and a g r i c u l t u r e  
s e c t i o n .  From t h e s e  exper iments  f o l l o w s  t h a t  b o t h  t h e  approach 
and i t s  implementa t ion  are s u f f i c i e n t l y  f l e x i b l e  and powerful  
t o  s o l v e  r e l a t i v e l y  complex, p r a c t i c a l  problems o f  m u l t i c r i t e r i a  
decis ion-making.  From c u r r e n t  e x p e r i e n c e ,  it f o l l o w s  t h a t  t h e  
sys tem i s  v e r y  p o r t a b l e  and can be  implemented on e v e r y  computer 
equ ipped  w i t h  a  F o r t r a n  c o n p i l e r .  
6.  OTHER APPROACHES AND PROGRAMS 
There a r e  a l s o  some o t h e r  programs b e i n g  deve loped ,  o r  
developed b u t  n o t  s u f f i c i e n t l y  t e s t e d ,  b a s e d  on t h e  m o d i f i e d  
r e f e r e n c e  p o i n t  approach .  One o f  t h e s e  approaches  a l l o w s  t h e  
decis ion-maker  t o  f o r c e  o r  "ampl i fy"  h i s  p r e f e r e n c e s  u s i n g  t h e  
p e n a l t y  f u n c t i o n  t e c h n i q u e .  Namely, i f  t h e  decis ion-maker  would 
l i k e  t o  p r e v e n t  t h e  e s s e n t i a l  changes  o f  t h e  v a l u e  o f  t h e  o b j e c -  
t i v e  i n  a  wrong d i r e c t i o n  ( t o o  l a r g e  i n  a  c a s e  o f  m i n i m i z a t i o n  
o r  t o o  s m a l l  i n  a  c a s e  o f  m a x i m i z a t i o n ) ,  he  can add a  p e n a l t y  
f u n c t i o n  t o  t h e  s c a l a r i z i n g  f u n c t i o n .  
L e t  J be a  set  o f  o b j e c t i v e s  f o r  which t h e  p e n a l t y  t e r m  
h a s  been added. The modi f i ed  ( o r  nonsymmetric) h a s  t h e  f o l l o w i n g  
form ( t a k i n g  a s  a  b a s i s  ( r )  f o r  s i m p l i c i t y )  
s ( w )  = - P  min wi - E W  + max (0,- pi wi) 
i i E J  
T h i s  problem can be  t r a n s f o r m e d  t o  t h e  e q u i v a l e n t  LP 
min $w) = min {max ( - p w i )  - E W  + max ( 0 ,  - p i  v. ) 1 = 
6 W  i iEJ 1 
min { y  - EW + p I y 2 - p w i ,  p 
-'j w p 2 9 ,  j E J )  . WEW I 
A s i m i l a r  c o l l e c t i o n  o f  programs h a s  been p r e p a r e d  f o r  t h e  
s o l u t i o n  o f  such problems.  These programs a r e  lqmod, l q m u l t i  
and l q s o l .  The o n l y  d i f f e r e n c e  between t h e  I p  ... and Iq ... 
package c o n s i s t s  o f  a  new command i n  t h e  lqmod program. T h i s  i s  
a  command " p f k "  which p u t s  t h e  program i n t o  t h e  p e n a l t y  c o e f f i -  
c i e n t  m o d i f i c a t i o n  s t a t u s .  I n  t h i s  s t a t u s ,  t h e  u s e r  can  modify 
t h e  c o e f f i c i e n t  i n  ( 3 ) ,  e x p r e s s i n g  t h e  same "power" o f  h i s  
wishes t o  keep t h e  c o n s t r a i n t s  
unvio la ted .  I n  o t h e r  c a s e s ,  it i s  necessary  t o  i n t roduce  t h e  
both-sided c o n s t r a i n t s  f o r  t h e  s e l e c t e d  o b j e c t i v e s .  Such a  
problem a r i s e s  f r e q u e n t l y  i n  a  ca se  o f  t r a j e c t o r y  op t imiza t ion  
when we want t o  ensu re  t h e  t r a c i n g  of  t h e  d e s i r e d  ( r e f e r e n c e )  
t r a j e c t o r y .  The s c a l a r i z i n g  func t ion  h a s ,  i n  t h i s  c a s e ,  t h e  
fo l lowing  form: 
where M i s  t h e  s e t  o f  o b j e c t i v e s  f o r  which t h e  both-s ided cony 
s t r a i n t s  have been in t roduced .  Transformat ion o f  t h i s  func t ion  
i n t o  t h e  e q u i v a l e n t  LP problem i s  s t r a i g h t f o r w a r d .  This  kind o f  
problem can be so lved  us ing  t h e  l p t o d o r  program t o q e t h e r  wi th  
lqmod and l q s o l  ( i n  t h e  e x i s t i n g  implementation s e t  J must be empty) .  
Some exper ience  wi th  t h e s e  programs e x i s t  bu t  f u r t h e r  works on 
t h e i r  development and t e s t i n g  must be performed. 
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